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Abstract. We consider the exclusion process evolving in the one-dimensional 
discrete torus, with a bond whose conductance slows down the passage of 
particles across it. We chose the conductance at that bond as on - ' 3 , where 
ol > 0, € [0,oo], and n is the scale parameter. In [3], by rescaling time 
diffusively, it was proved that the hydrodynamical limit depends strongly on 
the regime of 0. Here, firstly we derive a new proof of the hydrodynamical limit 
for = 1, by showing that the hydrodynamic equation, is a Heat Equation with 
Robin's boundary conditions that depend on a. As a consequence, the weak 
solution of the hydrodynamic equation given in [3], involving a generalized 
derivative ^7^7, coincides with the weak solution of a Heat Equation with 
Robin's boundary conditions. Secondly, arguing by energy estimates, we prove 
a phase transition for the weak solution of a Heat Equation with Robin's 
boundary conditions. Namely, if a — > 00, that weak solution converges to 
the weak solution of the Heat Equation without boundary conditions, while 
if a — > 0, the convergence is to the weak solution of the Heat Equation with 
Neumann's boundary conditions. 

1. Introduction 

The characterization of scaling limits of discrete systems is a central question in 
Statistical Mechanics. In the case of Interacting Particle Systems, where particles 
evolve according to some rule of interaction, it is of interest to characterize, in the 
continuum limit, the time trajectory of the spatial density of particles, the so called 
hydrodynamical limit. As a reference on the subject, see [5]. 

Among the several kinds of interacting particle systems, the Exclusion Process 
is of special importance in Statistical Mechanics and Probability. The Exclusion 
Process is a Markov process where each particle waits a mean one exponential time, 
after which moves as a random walk, but the jump is performed if and only if the 
destination site is empty, otherwise the particle has to wait a new random time. 
This is the exclusion rule that particles have to obey. Jumps can occur from a 
site s to a site y with a jump probability p(x, y) that has to turn the process well 
defined, see [5]. When jumps occur to nearest-neighbor sites, the process is known 
by Simple Exclusion. In Physics, particles obeying such exclusion rule, are called 
fermions. 

In [2], it was considered the Exclusion Process in presence of a finite number of 
slow bonds. In this process all bonds have conductance equal to 1, except the slow 
bond whose conductance is given by an~P , where a > 0, (3 £ [0, 00] and n is the 
scale parameter. Its dynamics can be described as follows. In the one-dimensional 
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discrete torus with n sites, that we denote by T n , it is allowed at most one particle 
per site. Associated to each bond of T„, there exists a Poisson process of time 
arrivals, all of them independent. At the time arrival of any Poisson process, the 
occupation at the vertices of the corresponding bond are interchanged. The Poisson 
processes have all parameter 1, except a particular Poisson process. This particular 
Poisson process is assumed to have parameter cm - ' 3 , where a > and /3 G [0, oo]. 
Since for n big cm - ' 3 is much smaller than 1, this bond slows down the passage of 
particles across it, and that is the reason for its name slow bond. 

In [3J, it was proved that the hydrodynamical limit for that process, exhibits 
three different macroscopic behaviors depending on the regime of (3. If (3 G [0, 1), 
the limit time trajectory of the spatial density of particles is given by the Heat 
Equation: 

d t p(t,u) = Ap(t,u), 
p(0,u) = p (u) , 

Vi G [0, T] and Vu £ T. where A = d\ and T = [0, 1) is the one-dimensional torus 
in which is identified with 1. If /3 = 1, the limit time trajectory of the spatial 
density of particles is given by: 

dtp(t,u) = ^^p(t,u), 
p(0,u) = p (u) , 

Vi G [0, T] and Vw G T, where ^7^7 is a generalized derivative, being W a measure 
given by the sum of the Lebesgue measure and a delta of Dirac. For f3 G (1, 00), 
the limit time trajectory of the spatial density of particles is given by the Heat 
Equation with Neumann's boundary conditions: 

d t p(t,u) = Ap(t,u) , 
< p(0, u) = p (u), (3) 

d uP {t,b+) = d uP (t,b-) = o, 

Vt G [0, T] and Vu G T, where b G T. We consider the exclusion process of [3J with 
a unique slow bond {b n , b n + 1} that corresponds to the macroscopic point b G T. 
Here and in the sequel the notation b~ or b + means that we are taking spacial 
lateral limits, from the left or right of b, respectively, see (|9]). These three different 
macroscopical behaviors correspond to a dynamical phase transition coming from 
the rule governing the system at the microscopical level. 

The fact of having a system exhibiting that dynamical phase transition, namely 
starting from the classical Heat Equation ([T]), arriving in equation @ involving a 
generalized derivative ^ , and then obtaining again the Heat Equation but with 
Neumann's boundary conditions, puzzled us in the sense that we expected that at 
the critical level /3 = 1, one should obtain in the hydrodynamics, the Heat Equation 
with some boundary conditions that would interpolate from Neumann's boundary 
conditions to no conditions at all. 

Also, inspired by our work [3J, another question was naturally raised: is there 
a corresponding dynamical phase transition at the macroscopical level? Would 
the solutions of ([1]), ©, © be continuously related to some parameter given at 
the boundary conditions? Notice that these questions are concerned only with 
the partial differential equations, having, at principle, no relation at all with the 
underlying particle system. 
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The main result of this paper is a positive answer to all the questions raised 
above. First, considering a slow bond {b n , b n + 1} corresponding to the macroscopic 
point b G T of intensity cm -15 , where a > 0, we present another proof for the 
hydrodynamical limit in the regime (3 — 1, arriving at the Heat Equation with 
Robin's boundary conditions given by 



Vf 6 [0, T] and Vu e T, where 6 e T. 

An immediate and important consequence of last result, is that the weak solution 
of the generalized equation © coincides with the weak solution of the classical Heat 
Equation ([4]) with a = 1. Moreover, an interesting phenomena which follows from 
the previous result is that the only case in which one gets the dependence on a in 
the macroscopic equation, is for (3 = 1. In the remaining cases the presence of a is 
completely negligible. We notice that for (3^1, the hydrodynamic behavior is as 
given in [3J. 

Next, we index the weak solution of ([4J in a, denoting it by p a . We also denote 
by p° the solution of |T]) and by p°° the solution of ([3J. Based on energy estimates 
coming from the underlying particle system and the hydrodynamical limit, we were 
able to prove the following convergence in L 2 [0,T; L 2 (T\{b})): 



To our knowledge, it is presented here for the first time, the derivation of a phase 
transition for the weak solution of the Heat Equation with Robin's boundary con- 
ditions, using the exclusion process as an approximating stochastic model and the 
framework of probability theory to obtain knowledge on the behavior of this solu- 
tion. 

Here follows and outline of this work. Precise definitions, statements and results 
are given in Section [2] In Section |3j we establish the relation between equations 
(|2| and (j4|) and we also prove the hydrodynamic limit for the exclusion process 
with a slow bond of intensity cm - ' 3 . There, it is also mentioned the hydrodynamic 
limit for j3 = oo, not considered in [3J, which corresponds to the exclusion process 
evolving in a discrete box with isolated boundaries. Section 2] is devoted to the 
proof of uniqueness of weak solutions of ([4]) and we also present a simple proof of 
uniqueness of weak solutions of ([I]) and ((3j . Section [5] and Section [6] are devoted 
to the proof of the phase transition for the Heat Equation with Robin's boundary 
conditions, or else, the convergence (O. Finally, in the Appendix, we present some 
results about Sobolev spaces needed in due course. 



d t p{t,u) = Ap(t,u) , 
< p(0,u) = p (u), 
d uP {t,b+) = d u p(t,b~) 



a(p(t,b+) - p[t,b-)) , 



(4) 




,00 



(5) 



2. Statement of results 



2.1. Slowed exclusion process. 



The exclusion process evolving on T„ = Z/nZ, the one-dimensional discrete 
torus with n points, is described as follows. It is the Markov process {ryt : t > 0} 
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with state space {0, 1} T " and generator C n acting on functions / : {0, 1} T " ->Ras 

where £" x+1 = Q+i x — is the conductance at the bond {x,x + 1} and r) x ' x+1 is 
the configuration obtained from r\ by exchanging the variables rj(x) and r\ (x + 1), 
namely 

!r)(x + 1), if y = x, 
n(x), ify = x + l, 
f](y), otherwise. 

Its dynamics can be informally described as follows. At each bond {x, x + 1}, 
there is an exponential clock of parameter Qx+i- When this clock rings, the value 
of 77 at the vertices of this bond are exchanged. This means that particles can cross 
the bond {x,x + 1} at rate £™ x+1 . Throughout the paper £" x+1 > 0, nevertheless 
if £™ x+1 = 0, then the passage of particles across the bond {x,x + 1} is forbidden. 
One can interpret that bond as a barrier blocking the passage of particles from one 
region to another. 

Now, we specify the conductances that suit our purposes. Fix a > 0, /? £ [0, 00] 
and x £ T„. The conductances, x+1 = Q'x+v 01 the exclusion process with a 
single slow bond {b n ,b n + 1} that corresponds to the macroscopic point b £ T, 
where T denotes the one-dimensional continuous torus [0, 1), are given by: 

if x b n , 

^>X'. 



x+1 [ 1, otherwise. 

The dynamics of the exclusion process with these conductances is such that 
particles cross all the bonds at rate one, except the bond {b n , 6„+l} whose dynamics 
is slowed down as an - ' 9 , with a > and (3 £ [0, 00]. It is understood here that 
n-°° = and 00 • = 0. 

It is well known that the Bernoulli product measures on {0, 1} T " with constant 
parameter 7 6 [0,1], denoted by{^":0<7<l}, are invariant for the dynamic 
introduced above. Moreover, since Q x+1 = x for all x £ T n these measures 
are also reversible. 

In order to keep notation simple, throughout the text we write rj t := r) tn 2. Then, 
{rjt ■ t > 0} turns out to be the Markov process on {0, 1} T " associated to the 
generator C n speeded up by n 2 . Also we do not index the process neither in j3 nor 
in a. 

The trajectories of our Markov process live on the space 2?(R+,{0, 1} T "), i.e., 
the path space of cadlag trajectories with values in {0, 1} T ". For a measure \i n on 
{0, 1} T ", we denote by P£f the probability measure on 2?(M+, {0, 1} T ") induced by 
the initial distribution fi n and the Markov process {r] t : t > 0} and we denote by 
expectation with respect to V^'f- 

In order to state our first result we need to impose some conditions on the initial 
distribution of the system. 

Definition 1. A sequence of probability measures {fi n : n > 1} on {0, 1} T " is said 
to be associated to a profile po : T — > [0, 1] if, for every S > and every H £ C(T), 

lim pAiy. U V H(^) V (x)- f H(u) Po (u)du > s] =0, (6) 

x€T n J 1 
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where for n € No, C"(T) denotes the set of continuous functions from T to M and 
with continuous derivatives of order up to n and C°(T) is simply denoted by C(T). 

2.2. The hydro dynamical equations. 

In this section we present the partial differential equations that govern the evo- 
lution of the limiting density profile. These are the hydrodynamic equations of the 
slowed exclusion process introduced above. 

Definition 2. (Heat Equation) 

Fix po : T — > [0, 1]. The Heat Equation with initial condition po(-) is given by 

j d t p{t,u) = Ap(t,u), 

\ p(0,u) = po(u), V) 
Vt 6 [0, T] andVue T, where A = d^. 

Definition 3. (Heat Equation with Robin's boundary conditions) 

Fix b £ T and po : T — > [0, 1]. We consider a Heat Equation with Robin's boundary 

conditions at b € T and with initial condition po(-) given by 

d t p(t,u) = Ap(t,u) , 

p{0,u) = p {u) , ( 8 ) 
d u p(t, b+) = d uP (t, b-) = a(p(t, b+) - p(t, b-)) , 

Vt E [0,T] andVu 6 T. 

As mentioned in the introduction, here and in the sequel, whenever we use the 
notation b~ or b + we mean that we are taking the spacial lateral limits, from the 
left or right of b, respectively. So that, 

d u p(t,b + ) = lim d u p(t,u), d u p(t,b~) = lim d u p(t,u), 

u—t-b u—tb 

u>b ^ u<b (9) 

pit, b ) = lim p(t, u), p(t,b ) ~ Mm p(t,u). 

u-^b u— yb 
u>b u<b 

Definition 4. (Heat Equation with Neumann's boundary conditions) 
Fix b € T and po : T — > [0,1]. The Heat Equation with Neumann's boundary 
conditions at b € T and with initial condition po(-) is given by 

d t p{t, u) = Ap(t, u) , 

p(0,u) = p (u), (10) 
d u p(t,b+) =d u p(t,b-) =0, 

Vt e [0,T] andVu e T. 

2.3. Weak solutions. 

Now we give the precise definition of weak solutions to these equations. We start 
by the classical Heat Equation. For I an interval of T, here and in the sequel for 
n,m e N , C"< m ([0,T] x T) denotes the set of functions defined on [0,T] x I, of 
class C n in time and C m in space. 

Let p be a measure on T. For H, G : [0, T] x T — >• K and s e [0, T], we use the 
notation 

{H a ,G B ) M = [ H s (u)G s (u)p(du). 
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If p. is Lebesgue, we omit the subindex p in the definition above and we use the 
notation ||-ff||z,2(T) '■= (H ,H). Here and in the sequel, a subindex in a function 
means a variable, not a derivative. For instance, above in H s , we mean that H s (u) = 
H(s,u). 

Definition 5. (Weak solution of Heat Equation) 

A bounded function p : [0,T] x T — > [0,1] is a weak solution of ((7|) if, for any 
t £ [0,T] and any H £ C 1,2 ([0,T] x T), p(t, •) satisfies the integral equation 

{fH, H t ) - (po, H ) - f (p s , d s H s + AH S ) ds = . (11) 
Jo 

In order to state the notion of weak solutions of the Heat Equation with Robin's 
or Neumann's boundary conditions we need to introduce a suitable space for its 
solutions. 

Definition 6. (Sobolev space) 

Fix a,b £ T, with a < b. The Sobolev space H 1 (a 1 b) consists of all locally summable 
functions £ : (a, b) — > R such that there exists d£ £ L 2 (a, b) satisfying 

(d u G,0 - -{G,dQ, 
for all G £ C°°(a, b) with compact support. For £ £ 'H 1 (a, b), we define the norm 

IKII^Ca.b) = II^C||i 2 (a,6) ■ 

Definition 7. Fix a, b £ T, with a < b. The space L 2 (0, T; 'H 1 (a, b)) consists of all 
measurable functions £ : [0,T] — > ^(a^b) with 

H£IIl 2 (0, T^fa.M) := / \\tt\\ni! a ,b) dt < 00 • 

Jq 

The study of the slowed exclusion process requires the use of test functions 
defined on [0, T] x T, which must be smooth except possibly at b £ T. For that 
purpose, we introduce the following space. 

Definitions. Denote by C 1 ' 2 ([0, T] xT\{6}) the space of functions H : [0,T]xT^ 
K that satisfy 

• H£C 1 ' 2 ([0,T] x (6,1 + 6))/ 

• there exists a function H : [0, T] x [6, 1 + b] — > R such that: 

1. He Cb 2 ([0,T] x [6,1 + 6])/ 

2. H restricted to [0, T] x (6, 1 + b) coincides with H. 
Here we are identifying (b, 1 + 6) with T\{6}. 

Notice that C 1,2 ([0, T] x T\{6}) should not be misunderstood with C 1 - 2 ([0, T) x 
T), since a typical function of C 1,2 ([0,T] x T\{6}) may have a discontinuity at 
b £ T. 

Definition 9. (Weak solution of Heat Equation with Robin's boundary conditions) 
Fix b £ T and a > 0. A bounded function p : [0, T] x T — > [0, 1] is a weak solution 
of l[8|). if the following two conditions are fulfilled: 

(1) P £L 2 {Q,T-H 1 (T\{b})); 
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(2) For any t G [0,T] and any H G C 1,2 ([0,T] x T\{6}) ; p(i, ■) satisfies the 
integral equation 

( Pt , H t ) - ( Po> H ) - f (p s , d s H s + AH s )ds 
Jo 



{p s (b + )d u H s (b+) - Ps (b-)d u H s (b-)}ds (12) 

a{ Ps (b+) - p s (b~)}{H s (b+) - H s (b~)} ds = 0. 

We notice that the space 'H 1 (T\{&}) is in fact the space 'H 1 (&, 1 + b). 

Definition 10. (Weak solution of Heat Equation with Neumann's boundary con- 
ditions) 

Fix b G T. A bounded function p : [0,T] x T — > [0, 1] is a weak solution of (|10[) . if 
the following two conditions are fulfilled: 
fijpe£ 2 (0,T;K 1 (T\{&})); 

(2) For any t e [0,T] and any H G C 1 ' 2 ([0,T] x T\{6}), p(t, •) safe/?es tte 
integral equation 

{pt, H t ) - (p , H ) - f (p s ,d s H s + AH S ) ds 

Jo (13) 
{ Ps (b+)d u H s (b + ) - p s (b-)d u H s (b-)} ds = 0. 



We notice that last equation coincides with (fl2| for a = 0. For classical results 
about Sobolev spaces, we refer to [T] and [4]. Since in Definitions l9l and ITOl we 
imposed p £ L 2 (0,T;H 1 (T\{6})), the integrals above are well-defined at boundary 
points. Hcuristically, in order to establish an integral equation for the weak solution 
of the Heat Equation with Robin's (resp. Neumann's) boundary conditions as 
above, one should multiply both sides of the first equation in © (resp. ([TU)) ) by a 
test function H, then integrate both in space and time and finally, perform twice a 
formal integration by parts. Then, applying the formal Robin's (resp. Neumann's) 
boundary conditions to p, one gets to (fT2|) (resp. (jT3])). Moreover, any strong 
solution of ([8j (resp. ([TO])) is a weak solution of dSJ (resp. fllPf). 

2.4. Hydro dynamical phase transition. 

In order to establish the hydrodynamical limit we introduce the empirical mea- 
sure process as follows. We denote by M. the space of positive measures on T with 
total mass bounded by one, endowed with the weak topology. For r) G {0, 1} T ™, 
let 7r n (?7, ■) G M. be the empirical measure, namely, the measure on T obtained by 
rcscaling space by n and by assigning mass n~ l to each particle of r\: 

7r n (ri,du) = i ^ T}(x)6 x / n (du), 

where 6 y means the Dirac measure concentrated on y G T. For t G [0, T], let 
n™(r),du) := TT n (r]t,du). For a test function H : T — > R we use the following 
notation 



H) ■= I H(u)ir?(v,du) = H(f)^( 

xGT„ 
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We use this notation since for nt absolutely continuous with respect to the Lebesgue 
measure with density pt, we write {pt,H} for (irt,H). 

Fix T > 0. Let T>([0,T], A4) be the space of cadlag trajectories with values in 
M. and endowed with the Skorohod topology. For each probability measure p n on 
{0, 1} T ", denote by Q"'^ n the measure on the path space T>([0,T], Ai) induced by 
p, n and the empirical process 7r™ introduced above. 

Now, we state the dynamical phase transition at the hydrodynamics level for 
the slowed exclusion process introduce above. We notice that this result is an 
improvement of the main theorem of [3]. 

Theorem 2.1. Fix j3 € [0,oo]. Consider the exclusion process with a single slow 
bond corresponding to the macroscopic point b G T and with conductance an~" at 
the corresponding microscopic bond {b n ,b n + 1}, with a > 0. Fix a continuous 
profile po : T — > [0, 1] and let {p n : n > 1} be a sequence of probability measures 
on {0, 1} T " associated to po(')- Then, for any t G [0, T], for every S > and every 
H e C(T): 



>S = 0, 



Jim Ftffa : U ]T ff (f ) ^(x) - / H(u)p(t,u)du 
where: 

• if P £ [0, 1), •) is the unique weak solution of ([7|; 

• if P = 1, p(t, ■) is f/ie unique weak solution of ((HJ; 

• if [3 £ (l,oo], •) is i/ie unique weak solution of (|10l) . 

The proof of last result is given in [5] for /? G [0, 1) and f3 G (1, oo). For /3 = 1, the 
proof in [3] can be almost all adapted to our case here, except the characterization 
of limit points. Here we characterize the limit points by identifying them as weak 
solutions of the Heat Equation with Robin's boundary conditions given in (JSj> . The 
proof of this result is proved in Section [3] 

For (3 = oo, the same arguments as used in [5] for (3 G (1, oo) fit the case (3 = oo 
and for that reason we also omit the proof in this case. 

2.5. Phase transition for the Heat Equation with Robin's boundary con- 
ditions. 

Let \x be a measure on T. For H, G : [0, T] x T — > K, we use the notation 

{(H,G))„= [ {H s ,G s )„ds = [ [ H s (u)G s {u)p{du)ds. 
Jo Jo Jf 

If p is the Lebesgue measure, we omit the subindex p in the definition above. 
Define the measure 

W a {du) = du+ ±6 b {du) , (14) 

that is, W a is the sum of the Lebesgue measure and the Dirac measure concentrated 
on b with weight 1/a. We denote by L^/ q ([0, T] x T) the Hilbert space composed 
of measurable functions / : [0,T]xT->M with ||/||^/ := ((/, f))w a < oo. Observe 
that functions in L^ q ([0,T] x T) have their value at b uniquely defined. When 
W is the Lebesgue measure we simply denote by L 2 ([0,T] x T) the Hilbert space 
composed of measurable functions /:[0,T]xT-^l with ||/|| 2 := ((/, /)) < oo. 
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Theorem 2.2. For any a > 0, there exists a weak solution p a :[0,T]xT-> [0, 1] 
of (|8jl. Moreover, such solution is unique and satisfies the inequality 



sup 

ffGC°. 1 ([0,T]xT) 



{{{p a ,d u H))-2{{H,H)) Wa }<K , 



where Kq is a constant that does not depend on a. 

Theorem 2.3. For a > 0, let p a : [0, T] x T — >• [0, 1] be the unique weak solution 
of ©. Then, 

limp" = p°, 

(x — ^0 

lim p a = p°° , 

CL — ^OO 

in L 2 (0, T; L 2 (T\{&})), where p° and p°° are the unique weak solutions of equations 
(|10[) and ([?])■ respectively. 

The proof of Theorem 12.21 is given in Section [5] and the proof of Theorem 12.31 is 
given in Section [51 We point out that Theorem 12.21 is a consequence of the energy 
estimates obtained by means of the slowed exclusion process, and it is the key in 
the proof of Theorem 12.31 



3. Hydrodynamic Limit for /3 = 1 

The method of proof of the hydrodynamic limit followed here is the usual in 
stochastic process: tightness, which means relative compactness, plus uniqueness of 
limit points. We recall that the proof of tightness for this case is very similar to the 
one given in j3j and for that reason we omitted it. So it remains to show uniqueness 
of limit points in order to conclude. Before proceeding with the characterization of 
limit points we make some remarks relatively to what we did in [3]. 

3.1. Relating equations ^ and 

In this section we are going to described how to get the weak solution of ([2]) 
from the weak solution of equation Q. In [3], for (3 = 1, the set of test functions 
for the corresponding hydrodynamic equation is 'H) w . Since in this case we need to 
deal with the measure W a , we adapt the definition of "Hj^ from [3] to this setting: 

Definition 11. Let 7~Ly/ a be the set of functions H in L 2 (T) such that for iieT 
H{u) = 5 + / (b+ [ h(w) dw)w a (dv) , (15) 

J(0,u] ^ Jo 1 

for some function h in L 2 (T) and a, b £ M. such that 

[ h{u)du = 0, / (b+ [ h(w)dw)w a (dv) = 0, (16) 
Jo J{os] ^ Jo ' 

where W a was given in (|14[) . We define Cw a as the set of functions H £ Hw such 
that h e C(T). 

We have the following property about the elements of the space Cw a ■ 



Lemma 3.1. C Wa C C 1,2 ([0,T] x T\{6}). 
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Proof. Let H £ Cw a > then there exists a function h € C(T) and a, b £ M. such that 
H can be written as in (fT5|) . Define, for all u £ [6, 1 + 6], 

= a + bu+ / h(w)dwdvA f 6 + / /i(u>) dw) , 

Jo " v Jo 1 

where the function h : (0, b + 1) — > K coincides with /i in (0, 1] and for all u £ 
(1, b + 1), is equal to h{u — 1). We would like prove that H (u) = H(u), for all 
ii£ (b, 1 + b). To prove this equality, we need to consider T = (0, 1]. It is clear that 
H(u) = H(u), for all u <E (6, 1]. For u S (1, 1 + 6), we use (|16[) to obtain: 

/•l PV 

H(u) =d + b(u-l) + b+ / / h(w)dwdv 

Jo Jo 

+ Ii (/ h ( w ^ dw + f i H w ~ 1) dw) dv + ^(b + J h(w)du?j 
= a + b(u — 1) + / / h(w—l)dwdv. 



Changing variables, if (m) can be rewritten as 

a + b(u— 1) + / / h(w)dwdv. 
Jo Jo 

Since the representation of u E (b,b+ 1) in torus is u — 1 and since for all u £ (0, b) 

H(u) = d + bu+ / / h(w) dw dv , 
./o "'O 

then H(u) = H(u - 1) = for all u £ (b, b + 1). □ 

Lemma 3.2. If H £ C Wa , then d u H{b+) = d u H(b~) = a(H(b+) - H(b~)). 
Proof. Since H £ Cw a , a simple computation shows that for u £ T = (0, 1] 

H(u) = G(u) + -l [bA] (u), 

where 

f>U />V 

G(u) = d + bu+ / / h(w) dw dv 



and 

fb 



= b+ h(w) dw. 
Jo 

Notice that G(-) is continuous and smooth. Then, H(b + ) = G{b) + — and H{b~) = 
G{b). On the other hand, 

d u H(b+)=d u H{b-) = G'(b). 

Since G'(b) = 6, then d u H(b+) = d u H(b-) = a(H(b+) - H(b~)). This finishes the 
proof. □ 

In our previous work [3], we took a = 1 and in the hydrodynamics we proved 
that pt(-) is a weak solution of ([2]), which in particular means that 

( Pt ,H) - (p ,H)- [ ( Ps ,£-^H)ds = 0, (17) 
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for all t G [0,T] and all H G 'H\ Vl . For the definition of the operator Jj;^pp, we 
refer to [5] and references therein. 

Now, we present a result that relates equations ([T7]) and (|12p . We notice that 
by Proposition 6.3 of [3J, it is enough to verify equation (JTTJ) for functions in Cw a - 

Proposition 3.3. For H G C\y a , equation (fT^|) coincides with (JTTJ) . 

Proof. From Lemma I3TT1 we know that is a subset of C 1,2 ([0, T] x T\{6}) , which 
is the space of test functions for the integral equation (|T2|). From the previous 
lemma, for H G Cw/ Q the integral equation ([12")) becomes as 

(p t) iT) - (po,iT) - / {p s ,h)ds = 0, 

where h = AH. Notice that a function in Cw a does not depend on time. Now, 
from the definition of -§^-^H = h, see [3J, we get that 

(p., AiT) = (p s ,A.^. H ). 
This finishes the proof. □ 



3.2. Characterization of limit points. 

Now, we characterize the limit points for /3 = 1, accomplished here in an essen- 
tially different way from [3J. Recall the definition of : n > 1}. In order to 
keep notation simple and since /3 = 1 we do not index these measures on f3. Let Q° 
be a limit point of {Q" : n > 1} whose existence is a consequence of Proposition 
4.1 of [3J. Assume, without loss of generality, that {Q" iMn : n > 1} converges to 
Q", as n — > +oo. We prove that Q" is concentrated on trajectories of measures 
absolutely continuous with respect to the Lebesgue measure: ir(t, du) = p(t, u)du, 
whose density p(t, u) is a weak solution of (JSJ). 

At first we notice that by Proposition 5.6 of [3], Q" is concentrated on trajectories 
absolutely continuous with respect to the Lebesgue measure n t (du) = p(t,u)du 
such that, p(t, •) belongs to i 2 (0, T; 1 + bj). It is well known that the Sobolcv 

space 1 + 6) has special properties: all its elements are absolutely continuous 

functions with bounded variation, see [I], therefore with well defined lateral limits. 
Such property is inherited by i 2 (0, T; H 1 (6, 1+6)) in the sense that we can integrate 
in time the lateral limits. 



Let H G C^ 2 ([0,r] x T\{6}). We begin by claiming that 

7T. :(pt,H t ) - (p ,H ) - f (p s ,d s H s + AH s )ds 

Jo 







{p s (b+)d u H s (b+) - Ps (b-)d u H s (b-)} ds 
+ / a{p s (b+)-p s (b-)}{H s {b + )-H s {b-)}ds = 0, ViG[0,T] 
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In order to prove last equality, its enough to show that, for every S > 0, 



7T. : sup 

0<t<T 



(P 



,H t ) - (po,H ) - f (p s ,d s H s + AH s )ds 
Jo 



{ Ps (b+)d u H s (b+) - Ps (b-)d u H s (b-)} ds 
+ I a{p s (b+) - p s (b-)}{H s (b+) - H s (b-)} ds 



> 6 



Since the boundary integrals are not well-defined in 2?([0,T], we cannot use 
directly Portmanteau's Theorem. To avoid this technical obstacle, fix e > 0, which 
will be taken small later. Let 

, (,, J 7 1 (v,v+e)(u) , if V E T\(b-£,b), 

e[ ' j " I |l(6- e ,6)(«), if ve (b- e, b), 

be an approximation of the identity in the continuous torus. The meaning of 
such definition is that, for any v G T chosen, the interval where i e ^ never 
crosses the point b G T. The convolution of a measure 7r with i e is defined by 
(7r * t e )(w) = f l £ (u,v) Tr(du) . Now, adding and subtracting the convolution of 
p(t,u) with i e , we can bound from above the previous probability by the sum of 



tt. : sup 

0<t<T 



(pt,H t ) - (po,H ) - f (p s ,d s H s + AH s )ds 
Jo 

{( Ps * L £ )(b+)d u H s (b+) - (p. * L £ )(b-)d u H s (b-)} ds 
+ I a{(p s *L £ )(b+)-(p s *i £ )(b-)}{H s (b+)-H s (b-)}ds 



> 8/3 



(18) 



tt. : sup 

0<t<T 



{( Ps * L £ )(b+)d u H s (b+) - (p s * L £ )(b-)d u H s (b-)} ds 



{p s (b+)d u H s (b + ) - Ps (b-)d u H s (b-)} ds 



> 6/3 



and 



7T. : sup 

0<t<T 



*{(p 8 * L £ )(b+) - ( Ps * L £ )(b-)}{H s (b+) - H s (b-)} ds 



a{p s (b+) - p s (b-)}{H s (b+) - H s (b-)} ds 



> 5/3 



The convolutions above are suitable averages of p around the boundary points b + 
and b~ . Therefore, as e i 0, the sets inside the two previous probabilities decrease 
to sets of null probability. It remains to deal with (TTS)) . We claim that we can use 
Portmanteau's Theorem and Proposition A. 3 of [3] in order to conclude that (fTJ 
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is bounded from above by 



1™ Qn, M „ 



7r. : sup 

0<t<T 



(p u H t ) - (p ,H ) - f (p s ,d s H s + AH s )ds 
Jo 

{( Ps * i E ){b+)d u H s {b+) - (p s * L £ )(b-)d u H s (b-)} ds 



+ / a{(p s *i £ )(b+)-(p s *i s )(b-)}{H s (b+)-H s (b-)}ds 



> (5/3 



Although the functions H t , Ho, d s H s + AH S , i £ (-,b~) and i e (-,6 + ) may not 
belong to C(T), we can proceed as in Section 6.2 of [3] in order to justify why 
(|18p is bounded from above by the previous expression. Next we outline the main 
arguments involved in that procedure. Before applying Portmanteau's Theorem, 
we replace these functions by continuous functions which coincide with the origi- 
nal ones in the torus, except on a small neighborhood of the discontinuity points 
of H t , Hq, d s H s + AH S , L e (-,b~) and i e (-,b + ) and their L°°-norm are bounded 
from above by the L°°-norm of the respective original function. By the exclusion 
rule, the set where we compare this change has small probability. Thus, now we 
deal with continuous functions and we are able to apply Portmanteau's Theorem 
and Proposition A. 3 of [3]. After using Portmanteau's Theorem, we return to the 
original functions, by the same arguments as described above. Then, the claim 
follows. 

Considering T„ embedded in T, we notice that b n is the closest site to the left 
of b and b n + 1 is the closest site to the right of b. Since (ir n * t e )(§) = V en { x ) f° r 
all x £ T„, where 

x+en 



0) = — Y] v(y), 

en ^— ' 



y=x+l 



by the definition of ^ , we can rewrite the previous probability as 



sup 

0<t<T 



T$,H t ) - «,ffo> - / (K,9 s H s + AH 8 )ds 
Jo 

{r) E s n (b„ + l)d u H s (b+) - n e s n (b n )d u H s (b-)} ds 



+ / a{77r(^ + l)-^"(&n)}{^(6 + )-^(^)}ds > 6/3 
Jo 



The next step is to sum and subtract J * n 2 £ n (7r", H s )ds to the term inside the 
supremmum above and the previous probability becomes bounded from above by 
the sum of 



sup 

0<*<T 



,d s H s )+n 2 £ n (TT" H s )ds 



> (5/6 
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and 







sup 


/ n 2 £„«, H s )ds 


0<t<T 


Jo 



[vTibn + l)d u H s (b+) - r,t n (b n )d u H a (b-)} ds 

+ I «{ ?? r(fcn + i)-^r(&n)}{ J ff s (6 + )-^(&-)}^ 



> 5/6 



The expression inside the first probability above, is the martingale associated to 
the process (7r™, H t ) that we denote by A4f(H). A simple computation shows that 
M.™(H) converges to zero in L 2 (P^J as n — > +00. Then, by Doob's inequality, the 
first probability vanishes as n — > +00, for every 5 > 0. Now we treat the remaining 
term. Using the expression for n 2 L n (7r™ , H s ) , we can bound the previous expression 
by the sum of 



sup 

0<t<T 



[ «,AF s )ds- / i Vs(x)A n H s (x/n)ds 

{r, e s n (b n + l)d u H s (b+) - r,l n (b n )d u H a (b-)] ds 
J |%(&„ + l)nV n H s (b n + 1) - rj s (b n )nV„H s (b n - 1) j ds 



> 5/18 



sup 

0<t<T 



> 5/18 



and 



sup 


L 


0<t<T 





«{»T(6n + 1) - V e s n (bn)}{H s (b + ) - H s (b~)}ds 



> 5/18 



- / a{i] s (b n + 1) - 7? s (6n)}V ri i/ s (6„) 



where for x G T„, A n H{x/n) = n 2 (H(^-) + H(^-) - 2iJ(f )) and VH(x/n) = 
n(H((x+l)/n)~H(x/n)). Since G C 1 - 2 ( [0 , T] x T\{&}) , the discrete Laplacian of 
H s converges uniformly to the continuous Laplacian of H s and the first probability 
is null. 

To prove that the remaining probabilities are null, we observe that riV n H s con- 
verges uniformly to d u H s . as n — > +00 and V n H s (b n ) converges uniformly to 
H s (b+) - H s (b~), as n -> +00, since H G C^ 2 ([0,T] x T\{6}). By the exclu- 
sion constrain and approximating the integral by Ricmannian sums, the previous 



l as lonj 


; as we show that 




sup 


/ {rf s n {b n + 1) - r, s (b n + l)\d u H s (b + ) 


0<t<T 


Jo 






- {Vs n (bn) ~ Vs(b n )}d u H s (b-)ds 


> 5 
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and 



sup 


L 


0<t<T 





*{{v E s n (bn + l)-Vr(bn)} 

{ Vs (b n + 1) - r ]s (b n )}}{H s (b+) - H s (b~)} ds 



> 5 



converge to zero, as e \. 0, V<5 > 0, respectively. This is a consequence of Lemma 
5.4 of [3]. 



4. Uniqueness of Weak Solutions 

We present here the proof of uniqueness of weak solutions of ([7]), (|8]) and ([TO]). 
Since all the equations are linear, it is sufficient to consider the initial condition 
Po(-) = 0. We start by showing uniqueness of weak solutions of @ and later we 
present a simpler proof than the one presented in [2] for both equations ([7]) and 

4.1. Uniqueness of weak solutions of (|8|). 

To simplify notation, along this subsection, we consider b + = b and b~ = 1 + b. 
We choose this notation in order to identify the torus T with the interval [b, 1 + 6). 
Denote by i 2 (T)- L1 the subspace of functions g € L 2 (T) with zero mean, namely: 



g{u) du = . 



Definition 12. Denote by - H 6 j Q (T) the space of functions H : T ■ 

• H is twice differentiable; 

• d u H is absolutely continuous on T\{b}: 

• AH e ^(T)- 11 ; 

• if satisfies the boundary conditions: 



that satisfy 



d u H{b) = d u H(l +b) = a(H(b) - H(l + b)) 



Proposition 4.1. Let p : [0,T] x T 



be a weak solution of 



t € [0,T] and for all H € T-L b '^{T), it holds that 



(pt,H) - (po,H) = f (p s , AH) d& 
Jo 



(19) 

Then, for all 
(20) 



Proof. Fix H e U h "{T). Let {h n : n > 1} C C 2 (T) be such that for all re > 1 
J T h n (u)du = and {h„ : n > 1} converges in L 2 (T) to AH, asm +oo. Also, 
take {(3 n : n > 1} C R converging to d u H(b), as n — > +oo. Define, for each 
«6 [b,l + b], 

H n (u) = H{b) + f3 n (u- b) + / h n {w)dwdv. 

Jb Jb 

For each u £ T, denote H n (u) := H n (u). Notice that we are identifying T with 
[b, 1 + b). Thus for each n > 1, ff„ G C*^ 2 ([0,T] x T\{6}). Since H satisfies JT 
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and since for each n > 1 d u H n (b) = d u H n (l + b) = [3 n and AH n = h n , then 
(p t ,H n ) - (po,H n ) = f (p Sl h n )ds + f {p s (b) - p s (l + b)}d u H n (b)ds 



a{Ps(b) - p s (l + b)}{H n (b) - H n (l + b)} ds . 

Observe that H does not depend on time. 

Now, using that H n converges to H as n — ¥ +00, h n converges to AH as n — > +00 
and d u H n (b) = d u H n (l + b) = (3 n converges to d u H(b) as n — > +00, we get that 
H n (l + b) converges to 



H(b) + d u H{b)+ [ [ AH(w)dwdv. 

Jb Jb 



as n — > +00. By definition of H^' C Q (T), that last expression is equal to H(l + b). 
Thus, H n (b) — H n (l + b) converges to H{b) — H(l + 6), asn-> +00. Therefore, 
sending n — > +00 in the previous equality, we arrive at 

(p t ,H) - (p ,H) = f (p s ,AH)ds + f {p s (b)-p s (l + b)}d u H(b)ds 
Jo Jo 



1 



t{p,(b) - Ps (l + b)}{H(b) - H(l + b)} ds . 
By ([191) the proof ends. □ 



The next step is to construct the inverse of the operator A : H^(T) — > L 2 (T). 
For g G L 2 (T) ±l , define 



[(- A ) Q 1 .9]( U ) = / G a {u,w)g{w)dw, 
Jt 

where the function G a : [b, 1 + b] x [b, 1 + b] — > K is given by 

G a (u,w) = ^-u(l-w) -(u-w)l {b < w < u < 1+b} , 
and T is identified with [b, 1 + b). Then, for g G L 2 (T) ±:L : 

p rU pit, 

[(-A)~ X 5](u) = ^fi u 0- - w)g(w) dw - u / g{w)dw+ / wg{w)dw. (21) 
Jt Jb Jb 

Proposition 4.2. The operator (— A)^ 1 enjoys the following properties: 

(a) V.9 G L 2 (T) X1 , (-A)- 1 ^ G C fl (T\{6}) and d u [{- A)- 1 g] is absolutely con- 
tinuous in T\{6} ; both having finite side limits at the point b £ T as on 

®; 

(b) V.9GLW 1 , 

^[(-A)- 1 ^) = d u [(-A)- l g]{l + b) = a([(-A)- 1 5 ](6) - [(-A)" 1 fl ](l + b)) ; 

(e) V.9GLW 1 , (-A)-\ 9 G?4 Q ar); 
(d) VselW 1 . (-^[(-A)"^] =5; 

fe) The operators (-A) : -> ^(T)^ 1 and (-A)" 1 : L 2 (T) 

■H^ Q (T) are symmetric and non-negative; 
(}) Vg€H 2 b ?(T), J T Ag(u)du = 0. 



_L1 
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Proof. Easily by (f2~Tj) . one obtains (a). Item (b) follows from assumption g G 
L 2 (T)- L1 . The items (a) and (b) imply (c). Deriving (f2~Tj) twice and recalling item 
(c), we obtain (d). 

Now, fix g, h G % b ' c Q (T) and by integration by parts: 

(-A<?, h) = (d u g, d u h) + d u g(b)h(b) - d u g{l + b)h(l + b) . 

Since g,h G H^(T), then these functions satisfy ([TO]) and as a consequence we 
obtain that 

(-Ag,h) = (d u g,d u h)+ ±d u g(b)d u h(b), 

which implies symmetry and non-negativity of A. The same argument applies for 
(—A)" 1 , by item (d). Item (f) follows from last equality by taking h = —1. □ 

Proposition 4.3. Let p be a weak solution of ([8]) with po = 0. Then, for all 
t G [0,T], it holds that 

(p t ,(-A)- 1 p t )=-2 [ ( Ps , Ps )ds. (22) 



In particular, since equation ([8|) is linear, there is at most one weak solution with 
initial condition po. 

Proof. Notice at first that pt G L 2 (T) ±: for any time t G [0, T]. Take a partition 
= to < ti < • • • < t n = t of the interval [0, t] so that 

(pt, (-A)-Vt) - (po, (-A)-Vo) =X>u +1 , (-A)-Vu +1 ) - (Pt k , (-A)-^) • 

fc=0 

Therefore, we have to estimate 



^(pt^A-^^pt^) - (/^^(-A^VtJ 

(23) 



fc=0 

First we estimate the term on the left hand side of the previous equation. The 
remaining term can be estimated in a similar way because (— A)^ 1 is a symmetric 
operator. 

Recalling that p tk € L 2 (T) ±1 , Proposition 14.21 item (c) and Proposition 14. II we 
get that 

ptk+i rtk+i 
(Pt k+ - L ,(-&)a 1 Pt k ) ~ (PtkA-A^PtJ = - / (p s ,Ps)ds+ / (p s ,Ps- Pt k )ds. 



The sum over k of the first term on the right side of last equality equals to 
~ Jo(Ps, Ps)ds. We get the same term by treating the remaining term of (|23|) . 
which finishes the proof. 

Now, we shall treat the remainder. Let is : T — > M be an smooth approximation 
of the identity and $j : T -y K a smooth function bounded by one, equal to zero in 
the interval (—6, S) and equals to one in T\(— 26, 28). Let p s s (u) = (p s * Ls)(u)<f>s(u). 
It is of easy verification that p s s G H^(T), for any s G [0, T], and also that pf(-) 
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converges to p s (-) in L 2 (T) when S l 0. Adding and subtracting p s , the second 
term on the right hand side of last equality can be written as 

(Ps - P 5 S , Ps - Pt k ) ds + / (p 5 s , p s - p tk ) ds . 

>t k Jt k 

Fix e > 0. Since pf(-) converges to p s {-) in L 2 (T), applying the Dominated Con- 
vergence Theorem, the absolute value of the sum in k of the term on the left hand 
side of the previous expression is bounded from above by e for some 5(e) small. 
Take 5 — 8(e). Since p s a E H^(T) and since p is a weak solution of ([5]) , the second 
term in the previous expression is equal to 

C*fc4 



/ / {p r ,Ap 5 s )drds, 



whose absolute value is bounded from above by C(p, 6)(tk+i — t k ) 2 , concluding the 
proof of the first claim. 

Now we prove the second claim. Since p t <E L 2 (T) ± , then by (e) of Proposi- 
tion |4J2 (p t , (-A)"Vt> > 0, for all t € [0,T]. But from © we conclude that 
(p t , (-A)-Vt) = 0, for all t £ [0,T]. From item (d), fixed t € [0,T], there exists 
ft G ^bcTC^) sucn tnat Pt = ( — ^)/t; an d thus 

(pt, (-A)-Vt) = (-Af t J t ) = (d u f t ,d u f t ) + l(d u f t (b)) 2 . 

Then, d u ft(u) = 0, u - almost surely and for all t € [0,T]. Since pt = (—A) ft, we 
have pt(u) = 0, u - almost surely and for all t € [0, T]. This concludes the proof. 

□ 

4.2. Uniqueness of weak solutions of ([7]) and fl 



Let p t be a weak solution of (|10|) with po = and to simplify notation we consider 
b = 0. For u e T, let ff fe («) = V2cos(fc7ru) , fc e N. Recalling (|T3J|, for all fc G N, 
H k g C 2 (T\{0}) and d u H k (0+) = d u H k (Q-) = 0, we have that 

(^.Effc) =-(fc^) 2 / ( Ps ,H k )ds. 



Jo 

Now, by Gronwall's inequality it follows that (pt, H k ) = 0, Vi > and for all k g N. 
Since {iJfc ; fc g N} is a complete orthonormal system in i 2 (T), we obtain that 
= 0, Vt > 0. 

The proof of uniqueness of weak solutions of is the same as above, but one 
has to consider the complete orthonormal system 

{1 , \/2cos(2fc7ra) , v / 2sin(2fc7TM) ; k g N} 

composed of functions in C 2 (T). 

5. Proof of Theorem 12.21 

The next proposition is the connection between the particle system {rj t ; t > 0} 
and Theorem 12.21 As in Section f5T21 since we are restricted to (3 — 1 we omit the 
dependence on this parameter in what follows. 

Proposition 5.1. Let Q° be a limit point of {Q" : n > 1}. Then, 



En- 



SUp f((p, - 2((H, HI 

HeC°- 1 ([0,T]xT) L 



< K 



■ 
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The proof of this proposition follows the same lines of [H Subsection 5.2]. Here 
we point out only the differences from the case proved in [3]. 

For a function H e C ' 1 ^,^ x T), S > 0, e > 0, n > 1 and r] G {0, 1} T ", let 



U n (e,S,H, V ) = H(z){ V (x)- V (x + en)} 

x£T„ 



x6T„ 



Lemma 5.2. Fir G C ' 1 ^,! 1 ] x T) and 7 G (0, 1). itecaH that denotes the 
Bernoulli product measure on {0, 1} T " . Let f be a density with respect to v™. Then, 



U n {e,5,H,ri)f{ri)v^{dri) < nV n {f) , 

where T> n {f) = (—C n \/J, \fj)v n is the Dirichlet form of f with respect to v™. 

Proof. Since it is very similar to the proof of Lemma 5.5 in [3] we omitted it. □ 

Lemma 5.3. Consider a dense sequence {Hi : t > 1} in C o,1 ([0,T] x T). For 
every k > 1, and every e > 0, 

fT 

< K , 



lim lim E" 

S->0 Fn 



max 

Ki<k 



U n (e,S,Hi(s, ■),r/ s )dsj 



where Kq * s such that H(ii n \v™) < Kqu and iJ(/i n |y™) is the entropy of \x n with 
respect to . 



Proof. This proof is a consequence of Fcynman-Kac formula and Lcmma l5.2l Since 
it is similar to the proof of Lemma 5.8 in [3] we omitted it. □ 



As in the beginning of Section 13721 we assume without loss of generality that the 
sequence Q% „ converges to Q™, asn-> +00. 



Proof of Proposition I5.il It follows by Lemma 15.31 in the same way as we did in 
the proof of Lemma 5.7 in [3]. □ 



Proof of Theorem \2.2l To prove the theorem we notice at first that, the existence 
of weak solutions of equation (|8|) is granted by tightness together with the charac- 
terization of limit points given in Section 13.21 The uniqueness of weak solutions of 
((HJ is proved in Section 14.11 Finally, by noticing the characterization of <Q>" given 
in Section l3~2| Proposition 15.11 concludes the proof. □ 

6. Proof of Theorem 12.31 



This section is devoted to the proof of Theorem 12.31 We notice that since we 
have already proved Theorem 12 .21 from now on, for fixed a > 0, we denote by 
p a : [0, T] x T — > [0, 1] the unique weak solution of ©. 

The proof follows several steps that we announce as follows. Firstly, in Proposi- 
tion lG.ll we prove that the sequence {p a : a > 0} is bounded in L 2 (0, T; 'H 1 (T\{6})) . 
Secondly, in Proposition 16.21 we prove that, any limit of a convergent subsequence 
of {p a " : n > 1} is in L 2 (0, T; W X (T\{6})) . Then, in Proposition [OJ we obtain 
some information on the weak solution of ((8]). Then, the next step is to analyze 
separately each term of equation (fT2|) and to obtain asymptotic results for its terms 
as stated in Proposition 16.41 and Proposition 16.51 Finally, in Proposition 16.61 and 
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Proposition 16. 71 we prove the final step in order to conclude the proof of the Theo- 
rem. 

In order to keep notation simple, we denote by C c (b) the space of functions 
H G C ' 1 ^,! 1 ] x T) with compact support in [0,T] x (T\{6». 

Proposition 6.1. The sequence {p a : a > 0} is bounded in L 2 (0,T;'H 1 (T\{&}))- 

Proof. We begin by observing that Theorem 12.21 implies the inequality 

((p a ,d u H))-2((H,H))<K , (24) 

for all H G C c (b). This result is a consequence of H vanishing at b which implies 
that ((H, H}} = ((H, H))w a . Now, under inequality (j24|) and recalling that K does 
not depend on a, since 

{({p a > d u H))-2((H,H))} = i f T \\d uP nh m dt, 



sup 

H£Ca(b) 

which is proved in Corollary IA.51 we conclude that {p a ; a > 0} is bounded in 
L a (0,T;ft 1 (T\{&})). □ 

The boundedness of {p a : a > 0} in ^{O^^n^TXib})) implies a compact 
embedding of {p a : a > 0} in L 2 (0, T; L 2 (T\{b})). This is a particular case of 
the Rellich-Kondrachov's Theorem for spaces involving time, that can be found in 
[7]. To verify it in detail, we list the steps: following the notation of [7j Page 271, 
Subsection 2.2], take X Q = X = H l (T\{b}), X x = i 2 (T\{6}) and notice that any 
Hilbert space is reflexive. This attains the hypothesis of [3 Theorem 2.1, page 271] 
and corresponds to the case we consider. By this compact embedding, any sequence 
: n > 1} has a convergent subsequence in L 2 (0, T; L 2 (T\{6})). 

Next, we show that the limit of a convergent subsequence of {p a : a > 0} is in 
the space L 2 (0, T; 'H 1 (T\{6})). 

Proposition 6.2. If p* is the limit in L 2 (0, T; L 2 (T\{&})) of some sequence in the 
set {p a : a> 0}, then p* G L 2 (0, T; 'H 1 (T\{&})) . 

Proof. Suppose that p a ™ converges to p* in L 2 (0, T; L 2 (T\{b})), as n — > +oo. By 
Theorem for each n > 1, p Q " satisfies for any iJ G C c (b): 



[ (p^ , B u H s ) ds - 2 [ (H s , H s ) ds < K 
Jo Jo 







and Kq does not depend neither on n nor H. Sending n — > +oo in the previous 
inequality, we get that 

/ {p*, d u H s ) ds - 2 [ (H s , H s )ds< R'o . 
Jo Jo 

Replacing H by cH in the previous inequality, and minimizing over c G K, gives 
that 

<p : C c (b) -> R 

ff^/ (p* s ,d u H s )ds 
Jo 
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is a bounded linear functional. Notice that C c {b) is a dense in L? (0, T; L 2 (T\{6})) . 
Hence, by Riesz Representation Theorem, there exists d u p* € L 2 (0, T; L 2 (T\{5})) 
such that 

/ {pi ,d u H s )ds=- [ (d uP * s , H s ) ds , 
Jo Jo 

for all functions H € C c (b). That is p* belongs to L 2 (0, T; H 1 (T\{&})). This 

finishes the proof. □ 

By integration by parts, equation (|12[) can be rewritten as 

(pf, H t ) - (/£, H ) + [ (d u p», d u H s ) ds - f (p°, S H S ) ds 

Jo Jo (25) 

+ f aK(6+)-p?(6-)}{lf s (6 + )-F s (6-)}d S = 0, 



where d u p a is the weak derivative of p a . Our goal now, consists in analyzing the 
limit as a — > or a — > oo of the terms in the previous equation. Due to boundary 
restrictions, last integral term in (|25[) is analyzed separately. Moreover, Proposition 
6.61 covers the case a — > and Proposition 16.71 covers the case a — > oo. We begin 
by showing some smoothness of a weak solution of (jSJ . 



Proposition 6.3. For any H g C 1:2 ([0,T] x T\{6}) there exists a constant 
not depending on a such that 



(pf,H t ) - (p a s ,H s )\<C 1 H \t-s\ 1 '\ Vs,t€[0,T] 



Proof. Let H G C" 1 - 2 ([0,T] x T\{6}). Since p a satisfies (J25|), we have to estimate 
the absolute value of: 

Ri ■= j (d uP ?, d u H r )dr, 
R 2 := j {pf,, d r H r )dr, 

R 3 ■= j a{p?(b+) - p?(b-)}{H r (b+) - H r (b-)} dr . 

We start by the case a > 1. At first we notice that Proposition I A. 61 guarantees 
that i?3 can be rewritten as 

j d u p«{b){H r (b+)-H r {b-)}dr . 
By Cauchy-Schwarz inequality, we have that 

\R*\ < ' 



where 



J (9 u ^(6)) 2 dr) 1/2 2||i/|| 00 |t- S | 1 / 2 , 



|F|U:= sup \F(t,u)\. 

(i,u)e[0,T]xT 



By Theorem 1 2 . 2 1 and since a > 1, the function p a satisfies 

((p a 1 d u H))-2((H 1 H)) Wl <K , 
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for all H G C 0,1 ([0,T] x T). Thus, by Proposition El we conclude that 

/ (d uP ?(b)) 2 dr<8K . 
Jo 

We arrive at |i? 3 | < (SA'o) 1 / 2 2||.Ef|| 00 |f - si 1 / 2 . Notice that by Cauchy-Schwarz 
inequality, Theorem 12.21 and Proposition IA.4[ we get that 

\Ri\ < (8i^ ) 1/2 2\\d u H\Ut -si 1 / 2 . 

Finally, i?2 can be easily bounded from above by ||9 r if||c»|t — s\. 

Now we treat the case a < 1. Since to estimate i?i and R2 we did not impose 
any restriction in a, it remains to estimate R3 which is easily bounded from above 
by 4||ii'|| 00 |f - s|. To conclude it is enough to estimate \t - s| by {2T) 1 / 2 \t - s] 1 ^ 2 . 

□ 

Proposition 6.4. Suppose that p a ™ converges to p* in L 2 (0, T; L 2 (T\{b})), as 
n -> +00. Then, for all H G C l '\[0,T] x T\{6}), 

lim (pf n , H t ) = (p* t , H t ) , 

n— f +00 

for t G [0,T] almost surely. Moreover, there exists a function p such that p* = p 
almost surely and 1 1— > (pt, H t ) is continuous. 

Proof. The Dominated Convergence Theorem implies that pf" converges to p\ in 
L 2 (T), as n — > +00, for t e [0,T] almost surely. Cauchy-Schwarz inequality implies 
that 

\{pt», H t ) - (pi H t )\ < \\pf" - p* t \\ L 2 ( r)\\H t \\ Lam 

which together with the previous observation finishes the proof of the first state- 
ment. 

For the second statement, fix H G C 1,2 ([0,r] x T\{5}) and for each n > 1 con- 
sider the function f n (;H) : [0,T] ->• R given by f n {t,H) := (pf n , H t ) . By Propo- 
sition [673] it follows that {/„(-, JJ) : n > 1} is cquicontinuous. Since \f n (t,H)\ < 
\\H\\oo, by Arzela-Ascoli Theorem, there exists a subsequence rik, depending on 
H, such that f nk (-,H) converges uniformly in t, as k — > +00, to f(-,H) which is 
continuous. 

Notice that for fixed t G [0,T] and H G C 1,2 ([0,T] xT\{6}), f(t,H) is a function 
of Ht G C 2 (T\{b}), that we denote by g(Ht). To check that 5 is a bounded 
linear functional defined in L 2 (T) we do the following. Since C^ 2 ([0,T] x T\{b}) 
is separable, applying a diagonal argument we can find a subsequence rij, which 
is uniformly on H, such that the convergence above holds uniformly in t, along 
rij, for any function in a countable dense set of C 1,2 ([0,T] x T\{6}). Then g is 
a bounded linear functional in C 2 (T\{6}), which can be extended to a bounded 
linear functional in L 2 (T). 

Now, Riesz Representation Theorem implies the existence of a function p t G 
L 2 (T) such that g(H t ) = (p t ,H t ). Notice that last equality holds for all t G [0,T]. 
For H G C^ 2 ([0,T] x T\{b}), (p t ,H t ) = g(H t ) = lim J ^ +00 (p"" J H t ), for all 
t G [0, T]. Thus, pt = p%, t G [0, T] almost surely, because (p t 3 — pt, H t ) and 
(p t 1 — p^ , Ht) go to zero, as j —> +00. 

□ 
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2.3 



From now on, as a consequence of the previous proposition, we consider p instead 
of p* , but we keep the same notation. 

Proposition 6.5. Suppose that p a " converges to p* in L 2 (0, T; L 2 (T\{6})), as 
n -> +00. Then, for all t £ [0, T] and for all G € G^QO,! 1 ] x T\{b}) 

Urn / ( d uP a s ~ ,G s )ds = f (d u p* s ,G s )d S . 
n ^+°°Jo Jo 

Proof. First we consider G £ C o,1 ([0,T] x T) compactly support in [0,T] x (T\{6» 
such that G s (u) = for all s £ [t,T] and all u ET. In this case, 



/ <0 U ^", G s )d s = - / ( Ps " ? d u G s 
Jo Jo 



ds . 



By the previous equality and since p Un converges to p* in L 2 (0, T; L 2 (T\{6})), as 
n — > +00, we obtain that 



(d u p° n , G s )ds = / (8^, G s )ds- 



lim 

n— >+oo 

The next step is to extend the previous equality to functions G £ C 1,1 ([0,T] x 
T\{6}). For that purpose, fix G £ C 1 ' 1 ([0,T] x T\{6}) and fix t £ [0,T]. Approxi- 
mate G in L 2 ([0,T] x T) by a function G E £ G 1 ' 1 ^,! 1 ] x T) with compact support 
in [0,T] x (T\{6}) and such that ||G e ||oo < ||G||oo- For S > 0, let us define the 
function tp 6 : [0, T] -> R as 

r 1, if se [0,t-S], 

<P*(s) = \ if SG [*-*,*], 

[ 0, if s g [t, T] . 

Denote G £ /(u) := Gf (u)ip s (s). Then, G e ^ € G°' 1 ([0, T] x T) has compact support 
in [0,T] x (T\{6}) and G^u) = for all s £ [t,T] and for all u £ T. Therefore, 



lim [ {duff, Gf)ds= f\d uP * s , G 
n ^°°Jo Jo 

By the triangular inequality, we have that 



ds . 



(26) 



(d uP a s ^ G s )ds- / (d u(0 :, G s )ds 



< 



(d uP a s \G s -G e s )ds 



(d u p°",Gl~Gl' d )}ds 



(d uP ^-d uP * s ,G s /)ds 



(d aP *,G e s -G s )ds 



(d uP * s> Gf -Gl)ds 
By Cauchy-Schwarz inequality, 

(d uP ^,(G s -G e s ))ds \ < ( f\\d uP ^\\i 2m d S y /2 n)\ 



G s -G 



er II 2 



Il 2 (t; 



c/.s 



1/2 



By Theorem 12. 2[ /) a ™ satisfies 

(/£" , d u G s )ds-2 [ (G s , G s ) ds < K , 
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for all G € C c {b). This, together with Corollary IA.5| assures that 



[ l|8uPMIi>cr) ds<8K . 
Jo 



Thus, 



1/2 



(S„^», (G 5 -GJ))d S | < (8/f ) 1/2 ( j \\G s -Gl\\ 2 L2m d s y 
By Proposition [Ol the same holds for p* , i.e., J Q || 2 2 ( T ) ds < 8/<o, hence 

(S^, (G s -G*))ds <(8X ) 1/2 (/ ||G s -Gf|| 2 2(T) ds) 



o 

Observe that 



(8 u p^, (G e /-Gl))ds 







1/2 



d u p^(u)[G e s (u)(p s {s) - G E s (u)]duds 



JT 



t-8 
T 



(^-1) / 3 u tf»(«)G=( u )d«d a 



< 



< 



/ l [t - s , t] (s) f d uP ^(u)Gl(u)du 
Jo Jt 



ds 



L [t-S,t 



1/2 



d uP ^(u) G £ s (u)du 2 ds) 



1/2 



= V5 
< v^||G e 



d u p™ n (u) G e s (u) du 



! vl/2 

ds) 

2 x 1/2 

ds 



1/2 



<9«/f"" (u) du 

< VS\\G S \\J ^ { (d uP ^(u)fdu 

v Jo Jt 

< VsWGUQKa) 1 ' 2 . 

By analogous calculations, we get that 

(d u p*, (Gf -G e s ))ds\ < v^||G||oo(8X ) 1/2 . 
Putting together the previous bounds, we get 



(27) 



(d uP *",G s )ds- I (d u p* s ,G a )ds < 

+ 2(8A- ) 1 / 2 {(^ 



(8 u p^, Gl' d )ds- / (8 u p* s , G^ d )ds 



\G S - G e s \\ 2 L 2( T )ds 



1/2 



v^||G||oo} 



Now, by ([26]) the proof follows. 



□ 



Proposition 6.6. Let {a„ : n > 1} be a sequence of positive numbers such that 
linin^+oo a„ = 0. If {p an : n > 1} converges to p* in L 2 {0, T; L 2 (T\{b})), as 
n — > +oo, £/ien p* is £/ie unique weak solution of (|10p . 
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Proof. We prove that p* satisfies the two conditions of Definition [101 From Propo- 
sition [621 we have that p* satisfies condition (1). In order to prove condition (2), 
the main idea is to take the limit as n — > +oo in (|25p and to analyze the limiting 
terms. 

A simple computation shows that for t £ [0, T]: 
rt 



- P«Hb-)}{H s (b+) -H s (b-)}ds 



< ATWHW^a 



oo 5 



therefore, when a n — > 0, last integral in ([25]) converges to zero, asn-> +oo. Now, 
replacing p a by p a " in j25j), recalling the first statement of Proposition 16.41 and 
Proposition ^. 5] and sending n — > +oo, we conclude that p* satisfies: 

(Pt > H t } ~ (Po, H Q ) + / ( d u p* sl d u H s }ds- / (p*, d s H s ) ds = , 
Jo Jo 

for t £ [0, T] almost surely and for H £ A, where A is a countable dense subset of 
C 1 . 2 ([0,T]xT\{&}). 

Since p* £ L 2 (0, T; ?^ 1 (T\{6})) and performing integration by parts in the pre- 
vious equation, we get to: 

(p* t , H t ) - (p , Ho ) - [ ( p* s , AH S + d s H s ) ds 
Jo 



{ P * s {b + )d u H s {b+) - p*(b-)d u H s (b-)} ds = 0. 

for t £ [0,T] almost surely and for H £ A, where A is a countable dense subset 
of C 1,2 ([0,T] x T\{6}). According to the second statement of Proposition l6.4[ the 
term {pi , Ht) is a continuous function in t £ [0, T]. The remaining parcels in the 
equation above are clearly continuous functions in t £ [0,T]. Hence, given H £ A, 
the equality holds for all t £ [0, T] and since A is dense, the equation above holds 
for H £ C 1 ' 2 ([0, T] x f\{6}) . □ 

Proposition 6.7. Let {a n : n > 1} be a sequence of positive numbers such that 
lim„_j. +00 a„ = +oo . If {p a,z : n > 1} converges to p* in L 2 (0, T; L 2 (T\{6})) ; as 
rt — > +oo, £/ien p* is f/ie unique weak solution of ([7]). 

Proof. In order to prove that p* satisfies the integral equation (fTTj) . as above, the 
main idea is to take the limit as n — > +oo in (|25[) and to analyze the limiting terms. 
In this situation, we take H £ C^ 2 ([0, T] x T), so that $?5§ is given by 

(p^,H t )-(po,H )+ f (d uP ^,d u H s )ds- f (p«\d s H s )ds = 0. 
Jo Jo 



By the first statement of Proposition 16. 41 and Proposition [63] and sending n — > +oo 
in the previous equality, we conclude that p* satisfies: 

(pi H t ) - (p , H ) + f ( d uP *, d u H s )ds- f (p*, d s H s ) ds = , (28) 
Jo Jo 

for t £ [0, T] almost surely and H £ A, where is a dense subset of C 1,2 ([0, T] x T). 

According to the second statement of Proposition 16.41 (pjf , iJ t ) is a continuous 
function in t £ [0,T]. Since, the remaining terms in (|28|) are also continuous 
functions in t £ [0,T], then ([28]) holds, in fact, for all t G [0,T]. By density 
arguments, ([28]) holds for all H e C 1 ' 2 ([0,T] x T). 
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Now, to obtain equation (fTTj) from (|28jl. we must to handle the integral term 
J (d u p* s ,d u H s )ds. By Proposition 16.51 and then performing integration by parts, 
we have that 

/ ( d u p* , d u H s )ds= lim / ( d u p* n , d u H s ) ds 

JO a n ^+ooJ Q 

= Jim^ | j\p^, AH S )ds-J* {p^(b + ) - p™"(b-)}d u H s (b)ds j . 

We claim that the previous limit is equal to Jq(pI, AH S ) ds. At first we prove that 

lim f {p^(b + )-p^(b-)}d u H s (b)ds = 0. 
By Cauchy-Schwarz inequality and Proposition IA.61 

{p™(b+)-p«(b-)}d u H s (b)ds<( [ T (d u H s (b)) 2 ds) 1/2 ±( f{d u p a s {b)f ds) 1 '] 



for all t € [0, T]. Without loss of generality, we can assume a > 1. Thus, by 
Theorem [ 



{{p a ,d u H))-2({H,H)) Wl <K , 
for all H eC°- 1 ([0,T]xT). From Proposition E2D 

sup {((p a ,d u H))-2((H, H)) Wl } = - {\\d u p«\\h m +(duP°(b)) 2 \ ds . 

Therefore, 

{ P a s {b+)- p a s {b-)}d u H s (b)ds < \M<o) 1/2 (j\duH s {b)?ds) l '\ 

for all t G [0,T] and a > 1. 

In order to finish the proof is is enough to show that 

lim f (p? ,AH s )ds= f (p* s , AH S ) ds . 

This is an easy consequence of Cauchy-Schwarz inequality together with the fact 
that p"™ converges to p* t in L 2 (T). 

a 

Proof of Theorem \2.3i As mentioned in the beginning of Subscction[6l the set {p a : 
a > 0} is compactly embedded in L 2 (0, T; L 2 {T\{b})) . Therefore, any sequence 
a n — > has a subsequence a nj such that p an j converges to some p* . By Proposition 
16.21 Proposition ^. 6l and from uniqueness of weak solutions of (|10[) . we conclude that 
p* is the unique weak solution of (fT0|) . Hence, lim Q ^o z 5 " = P*- Using Proposition 
16.71 and analogous arguments, we get that lim Q ,_ >oc p a = p, where p is the unique 
weak solution of ([7]). □ 
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Appendix A. Sobolev Space Tools 

For completeness, in this section we prove some results that we use along the 
paper. 

Proposition A.l. The set C°>°([0,T] x T) is a dense subset of L 2 Wa ([0,T] x T). 

Proof. Let H G L^ a ([0,T] x T). Then, H E L 2 ([0,T} x T) and H(-,b) G i 2 ([0,T]). 
Consider a sequence {H n : n > 1}, such that for each n G N, H n G C o,o ([0, T] x T) 
with compact support in [0,T] x (T\{£>}) converging in L 2 ([0,T] x T) to H, as 
n — > +00. Consider also a sequence {h n : n > 1}, of continuous functions /i n : 
[0, T] -> R and converging in i 2 ([0, T]) to H(-,b), asn-> +00. Let 

G n (t,u) := H n (t,u) + h n (t)l (b _± b+ x){u) . 

Noticing that for each n > 1 

||G n -ff||^ =\\H n -H\\l HT) + — j (H{t,b) - h n (t)) 2 dt 

> an J 

the proof ends. □ 
Proposition A. 2. Let £ : [0, T] x T R 6e suc/i ttat 

sup ((s„ff, e» - h)) w a < 00, 

HeC°- 1 ([0,T]xT) 

for some n > 0. Then, there exists a function in ([0,T] x T), which we denote 
by <9 U £, smc/i i/iai 

RF, 0) = - ((H, d u 0) w a =~ ((H, d u Q - - [ T H t (b)d u t t (b) dt , (29) 

a Jo 

for all H G C* oa ([0,T] x T). 

Proof. Following the same arguments as in the proof of Proposition 16. 2[ this is a 
consequence of Ricsz Representation Theorem. □ 

Remark A. 3. The function d u £, above is indeed the weak derivative of the function 
£ in the usual sense. To see this, note that, for H G C c {b), 

((d u H,0) = -((H,d u Q Wa = -((H,d u §) . 
Proposition A.4. Let ^:[0,T]xT4lfc such that 

sup { ((d u H, 0) - k((H, H)) Wa } < 00 , 



for some K > 0. Then, 

dt 

i-T 



1 



sup U(d u H,0)-K{(H,H)) w \ = ± [ 1196111= 

.!([0,T]xT) L J JO M 

{\\dtt\\h m + kd u {; t (b)) 2 }dt. 



(30) 



Q 

Proof. By Proposition for all if G C7°- 1 ([0,T] x T), 

Rff, 0) - k((H, H)) Wa = -((H, d u 0)w a - k((H, H)) Wa . (31) 
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By Young's Inequality, for all r > 0, 

I (H, d u 0) w a \ < \ ({H, H)) Wa + i R£, d u 0) w a • 
Choosing r = 2k, together with (|3ip we get to 

sup {{(d u H,0) - k((H,H)) w \ < £ f \\dMWl. dt. 

H€C°- 1 ([0,T]xT) 1 > Jo w <* 

For the reversed inequality, let {H n :n> 1} C C° :1 ([0, T] x T) converging to r <9 U £ 
in ([0,T] x T), as n —> +oo. The constant r g M will be chosen ahead. Thus, 

sup {<<d u ff,0> 

HeC°^([0,T]xT) 1 ' 

sup { - ((if, 3 U £}) w a - K ((H, H)) Wa } 

HGC°' 1 ([0,T]xT) 1 J 



> 



lim { - d u 0)w a - K ((H'\H n )) Wa } 
(-r- K r 2 ) [ T \\d u £ t f Llr dt. 



Taking r = — ^- the proof ends. 



Corollary A.5. Let £ g L 2 (0,T;K 1 (T\{&})) 6e smc/i i/iai 
sup f((a u ff,0>-K((^,ff»} <oo, 



□ 



/or some n > 0. Then, 



{((d u H,0)-K{(H,H)}} = {-( \m t \\i, m dt, 



sup 

where the function d u £,t coincides, Lebesgue almost surely, with the function d u (,t 
of Proposition \A.4\ 

Proof. Since £ € L 2 (0, T; 'H 1 (T\{o})) and by Remark lA.31 the result a consequence 
of Proposition POl □ 

Proposition A.6. Let £ : [0, T] x T ->• M 6e suc/i f/iaf 

sup ((d u H,0)-K((H,H)) Wa <oo, 

HeCO^dO.TJxT) 

/or some k > 0. Then, t £ [0,T] almost surely, 

&(«) - &(«) = / fla6(2!) W a (<**), V«, w e T, 
where d u £, satisfies (|29|) . in particular, 

t G [0, T] almost surely 



Zt(b + ) - &(&") = -d u £ t (b) , 
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Proof. From Proposition [A2l for t € [0,T] almost surely, 

((p,a=-«s,^)k, (32) 

for all H E C X (T). For u, u e T and n > 1 define f n : T M by 

f -^(Ku+i])- 1 , if we [u,«+i] 

[ 0, otherwise, 

and F„ : T -> R by 

Since for each n > 1, /„ is not a continuous function, then H n ^ C 1 (T). However, 
by approximating for each n > 1, /„ and H n by continuous functions : T — > K 
and H^{r) = J*, , /^(z) 14^ (dz), respectively, equality (|32|) is still valid for /„ and 

We claim that H n {r) converges to — lr„ i „)(r), W^-almost surely, as n — > +oo. 
Indeed, if u,v ^ 6, H n (r) converges pointwise to — lt u ^(r), which is equal to 
— lr Ui „)(r), Wa-almost surely, as n — > +oo. If it = 6, then H n (r) converges pointwise 
to — 1[ M „](r), which is equal to — lr u „)(r), W^-almost surely, as n — > +oo. If i> = 6, 
then H„(r) converges pointwise to — lr uv \(r), which is equal to — l[ ul ,)(r), W a - 
almost surely, asn-> +oo. By Cauchy-Schwarz inequality, 

lim (-d u £ t ,H n )w a = (du£,t,hu,v))w a ■ 

n— >+oc 

By the definition of /„, we have that for each n > 1 

(Zt,U)w a = 77777 : nr / &WW«W 

VV a ([u,t; + -J) y^^+x/n] 

Wa([ll,U + -J) J[u,u+l/n] 

Sending n —> +oo in the previous equality, by Lcbcsguc-Bcsicovitch Differentiation 
Theorem (see [2]) we obtain that (£ t , f n )w a converges to £t(v) — £t(w), W a - almost 
surely in u, v £ T, as n — > +oo, which finishes the proof of the first claim. Finally, 

&(&+)- &(&")= lim / d u £ t (w)W a (dw) = -d u £ t (b). 

j m a 

□ 
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